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a b s t r a c t
In this work, a basic theorem is established and it is found to be a source of inequalities
for circular functions, such as Cusa’s, Huygens’, Wilker’s, the Sandor–Bencze, Carlson’s,
the Shafer–Fink inequality, and the one in the problem of Oppenheim. Furthermore, these
inequalities described above will be extended by this basic theorem.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Let 0 < x < pi2 ; then the following known inequalities for circular functions hold.
1. Cusa’s inequality [1–4]:
sin x
x
<
2
3
+ 1
3
cos x (1)
or
3 sin x
2+ cos x < x. (2)
2. Huygens’ inequality [1–8]:
2
sin x
x
+ tan x
x
> 3. (3)
3. Wilker’s inequality [5,9–15]:(
sin x
x
)2
+ tan x
x
> 2. (4)
4. Wilker type inequality [7,8]:( x
sin x
)2 + x
tan x
> 2. (5)
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5. Sandor–Bencze inequality [6]:( x
sin x
)α
<
(
1
cos x
)α
+ 1, α > 0. (6)
6. Sandor–Bencze type inequalities:
(1) Wu and Srivastava [7] (or see [8]):(
sin x
x
)α
<
(cos x)α +√(cos x)2α + 8
4
, α ≥ 1; (7)
(2) Wu and Srivastava [7] (or see [8]):( x
sin x
)α
<
1+√8(cos x)2α + 1
4(cos x)α
, α > 0. (8)
7. Problem of Oppenheim [16–20]:
Problem. For each p > 0 there is a greatest q and a least r such that
q
sin x
1+ p cos x < x < r
sin x
1+ p cos x (9)
for 0 < x < pi/2. Determine q and r as functions of p.
Let 0 < x < 1. Then the following inequalities hold.
8. Carlson’s inequality [20,21,5]:
6(1− x)1/2
2
√
2+ (1+ x)1/2 < arccos x <
41/3(1− x)1/2
(1+ x)1/6 . (10)
9. Shafer–Fink inequality [22–24]:
3x
2+√1− x2 < arcsin x <
pix
2+√1− x2 . (11)
10. Shafer–Fink type inequalities:
(1) Zhu [24]:
3x
2+√1− x2 <
6(
√
1+ x−√1− x)
4+√1+ x+√1− x < arcsin x
<
pi
(√
2+ 12
)
(
√
1+ x−√1− x)
4+√1+ x+√1− x <
pix
2+√1− x2 . (12)
(2) Malesevic [25,26]:
3x
2+√1− x2 < arcsin x <
pi
pi−2x
2
pi−2 +
√
1− x2 . (13)
(3) Malesevic [25,26], Zhu [27]:
6(
√
1+ x−√1− x)
4+√1+ x+√1− x < arcsin x <
pi(2−√2)
pi−2√2 (
√
1+ x−√1− x)
√
2(pi−4)
pi−2√2 +
√
1+ x+√1− x
. (14)
In this note, we establish the following Cusa-like inequalities in exponential type for circular functions, and then extend
the inequalities described above.
Theorem 1. Let 0 < x < pi/2. Then
(1) If p ≥ 1, the double inequality
(1− λ)+ λ(cos x)p <
(
sin x
x
)p
< (1− η)+ η(cos x)p (15)
holds if and only if η ≤ 1/3 and λ ≥ 1− (2/pi)p;
(2) If 0 ≤ p ≤ 4/5, the double inequality
(1− η)+ η(cos x)p <
(
sin x
x
)p
< (1− λ)+ λ(cos x)p (16)
holds if and only if η ≥ 1/3 and λ ≤ 1− (2/pi)p;
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(3) If p < 0, the inequality(
sin x
x
)p
< (1− η)+ η(cos x)p (17)
holds if and only if η ≥ 1/3.
2. Lemmas
Lemma 1 ([28–44]). Let f , g : [a, b] → R be two continuous functions which are differentiable on (a, b). Further, let g ′ 6= 0 on
(a, b). If f ′/g ′ is increasing (or decreasing) on (a, b), then the functions
f (x)− f (b)
g(x)− g(b)
and
f (x)− f (a)
g(x)− g(a)
are also increasing (or decreasing) on (a, b).
Lemma 2 ([45–47]). Let an and bn (n = 0, 1, 2, . . .) be real numbers, and let the power series A(t) = ∑∞n=0 antn and
B(t) =∑∞n=0 bntn be convergent for |t| < R. If bn > 0 for n = 0, 1, 2, . . ., and if an/bn is strictly increasing (or decreasing) for
n = 0, 1, 2, . . ., then the function A(t)/B(t) is strictly increasing (or decreasing) on (0, R).
Lemma 3 ([48]). Let |x| < pi , then the inequality
x
sin x
= 1+
∞∑
n=1
22n − 2
(2n)! |B2n|x
2n (18)
holds.
Lemma 4. Let |x| < pi , then the inequality
1
sin2 x
= csc2 x = 1
x2
+
∞∑
n=1
22n
(2n)! |B2n|(2n− 1)x
2n−2 (19)
holds.
Proof. The following power series expansion can be found in [49, 1.3.1.4 (3)]:
cot x = 1
x
−
∞∑
n=1
22n
(2n)! |B2n|x
2n−1, |x| < pi. (20)
Then
1
sin2 x
= csc2 x = −(cot x)′ = 1
x2
+
∞∑
n=1
22n
(2n)! |B2n|(2n− 1)x
2n−2, |x| < pi. 
3. Proof of Theorem 1
Let F(x) =
(
sin x
x
)p−1
(cos x)p−1 =: f (x)g(x) , where f (x) =
( sin x
x
)p − 1, and g(x) = (cos x)p − 1. Then
k(x) = f
′(x)
g ′(x)
=
(
sin x
x cos x
)p−1 sin x− x cos x
x2 sin x
,
and
k′(x) =
(
sin x
x cos x
)p−2 u(x)
x4 sin x cos2 x
, (21)
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where
u(x) = (p− 1)(x− sin x cos x)(sin x− x cos x)+ cos x(x2 − 2 sin2 x+ x sin x cos x)
= (x sin x− sin2 x cos x− x2 cos x+ x cos2 x sin x)p− (x sin x+ sin2 x cos x− 2x2 cos x)
= (x sin x− sin2 x cos x− x2 cos x+ x cos2 x sin x)(p− G(x)), (22)
where G(x) = x sin x+sin2 x cos x−2x2 cos x
x sin x−sin2 x cos x−x2 cos x+x cos2 x sin x . Then
G(x) =
2x
sin 2x + 1− 2x
2
sin2 x
2x
sin 2x − 1−
( x
sin x
)2 + x cot x := A(x)B(x) ,
where A(x) = 2xsin 2x + 1− 2x
2
sin2 x
, and B(x) = 2xsin 2x − 1−
( x
sin x
)2 + x cot x. By (18)–(20), we have
A(x) = 1+
∞∑
n=1
22n − 2
(2n)! |B2n|(2x)
2n + 1− 2
(
1+
∞∑
n=1
22n
(2n)! |B2n|(2n− 1)x
2n
)
=
∞∑
n=1
(22n − 4n)22n
(2n)! |B2n|x
2n =
∞∑
n=2
(22n − 4n)22n
(2n)! |B2n|x
2n
=:
∞∑
n=2
anx2n,
B(x) = 1+
∞∑
n=1
22n − 2
(2n)! |B2n|(2x)
2n − 1−
(
1+
∞∑
n=1
22n
(2n)! |B2n|(2n− 1)x
2n
)
+ 1−
∞∑
n=1
22n
(2n)! |B2n|x
2n
=
∞∑
n=1
(22n − 2n− 2)22n
(2n)! |B2n|x
2n =
∞∑
n=2
(22n − 2n− 2)22n
(2n)! |B2n|x
2n
=:
∞∑
n=2
bnx2n,
where an = (22n−4n)22n(2n)! |B2n| and bn = (2
2n−2n−2)22n
(2n)! |B2n| > 0.
When setting cn = an/bn, we have cn = (22n − 4n)/(22n − 2n− 2) is increasing for n = 2, 3, . . ., A(x)/B(x) is increasing
from (0, pi/2) onto (4/5,1) by Lemma 2. We obtain results in three cases:
(a) If p ≥ 1, we have u(x) ≥ 0. So k(x) is increasing on (0, pi/2). This leads to that f ′(x)g ′(x) is increasing on (0, pi/2).
Thus F(x) = f (x)g(x) = f (x)−f (0
+)
g(x)−g(0+) is increasing on (0, pi/2) by Lemma 1. At the same time, limx→0+ F(x) = 1/3 and
limx→(pi/2)− F(x) = 1− (2/pi)p. So the proof of (1) in Theorem 1 is complete;
(b) If 0 ≤ p ≤ 45 ,we have u(x) ≤ 0. So k(x) is decreasing on (0, pi/2). This leads to that f
′(x)
g ′(x) is decreasing on (0, pi/2).
Thus F(x) = f (x)g(x) = f (x)−f (0
+)
g(x)−g(0+) is decreasing on (0, pi/2) by Lemma 1. At the same time, limx→0+ F(x) = 1/3 and
limx→(pi/2)− F(x) = 1− (2/pi)p. So the proof of (2) in Theorem 1 is complete;
(c) If p < 0, we obtain the function F(x) is decreasing on (0, pi/2) following the same method as (b). At this moment,
limx→0+ F(x) = 1/3, but limx→(pi/2)− F(x) = 0. So the proof of (3) in Theorem 1 is complete.
4. Huygens’ type inequalities
Multiplying three functions by (x/ sin x)p showed in (15)–(17), we can obtain the following results on Huygens’ type
inequalities.
Theorem 2. Let 0 < x < pi/2. Then we have
(1) when p ≥ 1, the double inequality
(1− λ)
( x
sin x
)p + λ ( x
tan x
)p
< 1 < (1− η)
( x
sin x
)p + η ( x
tan x
)p
(23)
holds if and only if η ≤ 1/3 and λ ≥ 1− (2/pi)p;
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(2) when 0 ≤ p ≤ 4/5, the double inequality
(1− η)
( x
sin x
)p + η ( x
tan x
)p
< 1 < (1− λ)
( x
sin x
)p + λ ( x
tan x
)p
(24)
holds if and only if η ≥ 1/3 and λ ≤ 1− (2/pi)p;
(3) when p < 0, the inequality
(1− η)
( x
sin x
)p + η ( x
tan x
)p
> 1 (25)
holds if and only if η ≥ 1/3.
Let p = −α, α > 0, inequality (25) is equivalent to
(1− η)
(
sin x
x
)α
+ η
(
tan x
x
)α
> 1 (26)
holds if and only if η ≥ 1/3.
5. Wilker type inequalities
In this section, we extend the inequality (4) and inequality (5) to the following result.
Theorem 3. Let 0 < x < pi/2. Then
(1) when α ≥ 1, we have( x
sin x
)2α + ( x
tan x
)α
> 2. (27)
(2) when α > 0, we have(
sin x
x
)2α
+
(
tan x
x
)α
> 2. (28)
Proof. (1) When α ≥ 1, we can obtain
1+
( x
sin x
)2α + ( x
tan x
)α ≥ 2 ( x
sin x
)α + ( x
tan x
)α
> 3
by the arithmetic mean–geometric mean inequality and (23). That is, (27) holds;
(2) When α > 0, by (26) we have
2
(
sin x
x
)α
+
(
tan x
x
)α
> 3.
By the same way, we obtain (28). 
6. Sandor–Bencze type inequalities
From Theorem 1, we can obtain
Theorem 4. Let 0 < x < pi/2. Then
(1) when α ≥ 1, we have(
sin x
x
)α
<
2
3
+ 1
3
(cos x)α <
(cos x)α +√(cos x)2α + 8
4
. (29)
(2) when α > 0, we have( x
sin x
)α
<
2
3
+ 1
3
(
1
cos x
)α
<
1+√8(cos x)2α + 1
4(cos x)α
<
(
1
cos x
)α
+ 1. (30)
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7. Carlson type inequalities
Let arccos x = t for 0 < x < 1, then x = cos t for 0 < t < pi/2, and
√
1+ x = √2 cos t
2
,
√
1− x = √2 sin t
2
.
Replace xwith t/2 in Theorem 1, we have
Theorem 5. Let 0 < x < 1. Then
(1) when p ≥ 1, the double inequality
3(2
√
1− x)p
(2
√
2)p + (√1+ x)p < (arccos x)
p <
(2pi
√
1− x)p
(2
√
2)p + (pip − 2p)(√1+ x)p (31)
holds;
(2) when 0 ≤ p ≤ 4/5, the double inequality (31) is revered;
(3) when p < 0, the left inequality of (31) holds.
8. Shafer–Fink type inequalities and an extension of problem of Oppenheim
First, let sin x = t in Theorem 1, then 0 < t < 1, x = arcsin t, cos x = √1− t2, and we have
Theorem 6. Let 0 < t < 1. Then
(1) when p ≥ 1, the double inequality
3tp
2+ (√1− t2)p < (arcsin t)
p <
piptp
2p + (pip − 2p)(√1− t2)p (32)
holds;
(2) when 0 ≤ p ≤ 4/5, the double inequality (32) is revered;
(3) when p < 0, the left inequality of (32) holds.
Second, let arcsin x = pi/2− t for 0 < x < 1, then x = cos t for 0 < t < pi/2; let u = t/2+ pi/4, then pi/4 < t < pi/2;
let y = pi/2− u, then 0 < y < pi/4. Replace xwith y in Theorem 1, we obtain the following result.
Theorem 7. Let 0 < x < 1. Then
(1) when p ≥ 1, the double inequality
3 · 2p(√1+ x−√1− x)p
2p+1 + (√1+ x+√1− x)p < (arcsin x)
p <
(2pi)p(
√
1+ x−√1− x)p
4p + (pip − 2p)(√1+ x+√1− x)p (33)
holds;
(2) when 0 ≤ p ≤ 4/5, the double inequality (33) is revered;
(3) when p < 0, the left inequality of (33) holds.
Finally, Theorem 1 is equivalent to the following statement which modifies the one of Oppenheim.
Theorem 8. Let 0 < x < pi/2. Then
(1) If p ≥ 1, the double inequality
3
2
sinp x
1+ 12 cosp x
< xp <
(pi
2
)p sinp x
1+ [(pi2 )p − 1] cosp x (34)
holds.
(2) If 0 ≤ p ≤ 4/5, the double inequality (34) is revered;
(3) If p < 0, the left inequality of (34) holds.
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